Introduction
The first question we probably think by reading "Few-Body Physics" along the title 1 is what is the meaning of the word "Few-Body". This term may seem a little vague and use it in order to define an area of the physics also seems incautious, mainly by the use of a so subjective word like "few". In our case, the word "body" corresponds to any particle that may be present in several contexts of the physics like, e.g., quarks, protons, 1 A curiosity to mention here is that we usually hear that the classical few-body problem doesn't have a solution for three or more particles, as demonstrated by Henri Poincaré when he was 35 years old. In fact, the N -body classical problem was already solved in 1991 by Qiudong Wang, at that time, a student in the beginning of his PhD [1] .
neutrons, atoms or molecules. Each of these different constituents should have a common characteristic: they should be a very defined object. They should not be treated as an approximation like in a mean-field theory, for example. Thus the word "few" should be understood taking into account the technical and computational difficulties that appear as the number of particles increase. A few-body system may represent 3, 4, 5, etc.
particles since the individuality of each object is respected.
These lecture notes, far from being definitive, are written as follows: initially, we present a short description of the scattering theory and also introduce the Faddeev equations. This section may be easily found in textbooks, but it will serve to define the notations used along the text. Then, in the next section, we will describe how to calculate three-body bound and scattering states. The last sections will be used to show some applications of the formalism developed here.
A very brief introduction to scattering theory
The main objective of this section is to fix some concepts and notations related to the formal scattering theory that will be useful in the other sections. For a complete view of this subject we recommend the books of C. J. Joachain [2] , R. G. Newton [3] and [4] .
Here, we will follow closely the reference [2] .
General scattering formalism
Heisenberg and Schroedinger pictures are two equivalent ways to treat the dynamics of a quantum system. In the Heisenberg picture the dynamics is given by the time evolution of the operators that represent the observables of the system and, in this case, the state vectors do not depend on time. On the other hand, in the Schroedinger picture the operators do not depend on time and the time evolution is given by the state vectors. There is, however, an intermediate description called interaction picture,
where the dynamics is mixed between operators and state vectors. We will use here, for convenience, the interaction picture to study the scattering process.
Consider the time-independent Hamiltonian, H, and assume that it can be written as a sum of two terms H = H 0 + V , where V is a time independent local potential and H 0 is the free Hamiltonian satisfying H 0 Φ = EΦ. The idea of this intermediate description is to separate the free part, associated uniquely to H 0 , from the complete movement of the system. Consider, for instance, the unitary evolution operator U 0 , defined as
and the state vector Ψ(t) ≡ U (t, t 0 )Ψ(t 0 ), where U (t, t 0 ) ≡ e − i H(t−t 0 ) . Let us apply U 0 to Ψ(t) and define:
where the superscripts mean interaction. Differentiating Ψ (I) (t) with respect to the time,
where
where it was used that the operator U 0 is unitary. Eq. (3) is known as TomonagaSchwinger equation [5, 6] .
Exercise 1: Verify Eq. (3).
Comparing with Eq. (4), note that the time evolution of the system is mixed between the state vectors, as in the Schroedinger picture, and the operators, as in the Heisenberg picture. It is worth to note that the evolution of the operators given by
depends only on H 0 . The evolution of the state vectors Ψ (I) (conveniently modified to include the time evolution corresponding to H 0 ), Eq. (3), depends only on V . Based on Schwinger-Tomonaga equation we can define a time evolution operator in the interaction picture as Ψ (I) (t) ≡ U (I) (t, t )Ψ (I) (t ).
We may, then, write Eq. (3) as i ∂ ∂t U (I) (t, t )Ψ (I) (t ) = V (t)U (I) (t, t )Ψ (I) (t ).
As Eq. (7) is valid for any t , we may deduce that:
i ∂U (I) (t, t ) ∂t = V (t)U (I) (t, t ),
which can be written as a Volterra-type integral equation
where I is the identity operator. From the definition given by Eq. (2) we can write
from Eq. (2) and using the fact that the evolution operator is unitary, we have
which comparing with Eq. (6) gives
In a scattering problem, usually we have a particle beam that is prepared in a remote past, interact with a target and finally reaches detectors positioned in an asymptotic reagion in a far future. Then, we are indeed interested in the limits where t, t → ±∞.
These limits, however, are not well defined as depicted by eq. (12) . One of the ways to calculate these limits is to use the recipe developed by Gell-Mann and Goldberger [7] .
The method consists essentially in eliminate the oscillatory behaviour of the operator multiplying it by an exponential function. The limit to be calculated may be written as
Eqs. (13) and (14) may be used to calculate the limits of the evolution operators for t, t → ±∞. Now, we can define the so called Møller operators:
If we denote by Φ i , where i = α, β... represents a set of quantum numbers, we see that Φ i is an eigenvalue of the operator Ω (±) , i.e. this operator converts an eigenstate of the free Hamiltonian, H 0 , into an eigenstate Ψ i (t = 0) of the full Hamiltonian
As Φ β |Φ α = δ βα , we may write
Returning to Eqs. (12), (13) and (14) with t 0 = 0 we may write the Møller operators
as
= lim
We will now assume that the states Φ α form a full basis 2 , i.e.
j=α,β,...
Inserting Eq. (21) into Eq. (20), we have (we will simplify the notation assuming = 1)
This integral can be easily calculated giving
replacing Eq. (23) in (17) gives
where it was used the orthonormality of Φ. We may still write this equation as
The Green operator, G (±) , is defined as
It is called resolvent of the operator H the function given by G(z) = 1 z−H (the free Green operator, G 0 (z), is obtained replacing H → H 0 ). The free Green function, can be obtained, for example, in the configuration space { r} calculating the matrix element
making the following substitutions r − r ≡ R, E α ≡
and r|Φ k ≡ 1 (2π) 3/2 e i k · r we have that the matrix element, after performing the angular integration, may be written as
where we used the fact that the integrand is even to extend the integration from −∞ to ∞. This integral may be solved using the Cauchy's integral formula. Then, we can define
The integral I 1 should have its contour C 1 closed in the anticlockwise direction in the upper-half plane and C 2 should be closed in the clockwise direction in the bottom-half plane.
Exercise 2: Justify why the contours C 1 and C 2 should be closed as stated above.
We can, however, make C 1 or C 2 that contain, or not, the poles of the denominator, where each situation represents a different result to the integrals as showed in table 1. In Table 1 we see that the combination 2 is the only one that gives for large R an outgoing spherical wave. Thus, the matrix element we are calculating is given by
is the free Green function for an outgoing spherical wave. For an incoming spherical wave we write
After having defined the Green operator and the Green function we want to derive the Lippmann-Schwinger equation. Let us start using the identity
to write
Exercise 3: Verify Eq. (34).
Replacing this identity in Eq. (25), we have
where the term that appears between the parenthesis after the last equality is |Ψ
Then, we may write
which is the famous Lippmann-Schwinger equation. 
where the scattering length is given by
Show that for a purely repulsive potential, a > 0.
Let us return to the Møller operators in order to define the operator and collision matrix that relate the state vector of the system in a remote past (t → −∞) to a distant future (t → ∞). The collision operator is called S and is defined as
Calculating the matrix element of the operator S between two states Φ α and Φ β we have that
, Eq. (38) may still be written as
Using the hermiticity of H and V we may write Eq. (25) as Ψ (±)
and replacing it in Eq. (39), we have
Note that one of the ways to represent the Dirac delta function is from the limit given by:
This function returns 0 for every x = x 0 and infinity for x = x 0 . The integral of this function over all space should be equal to 1 -for this reason the factor 1 π is multiplying the function. Then, we may replace the limit which appears in Eq. (40) giving
The transition operator T may be defined as
Replacing |Ψ can relate the T -matrix elements, Φ β |T |Φ α , to the S matrix as
The transition operator may also be written as
Note that the equivalence of Eqs. (45) and (43) is easily shown by iteration
where it was used Eq. (34). Obviously, the second equality of Eq. (45) may be demonstrated in the same manner. The matrix elements of the transition operator calculated in momentum space reads
Successive iterations of the above equation returns the Born series for the T -operator.
Eq. (48) is classified as a Fredholm integral equation of second type, written generically as
Assuming that, both f and K are square integrable which means
let us try an iterative solution in λ for this problem:
Replacing Eq.(51) in (49) we have that
. . .
So, in general we have
In order to set the boundary conditions let us first define:
Then, using the Schwarz inequality, | u, v | 2 ≤ u v , in the iteration serie φ i (i = 1, 2, . . . , n, . . . ) we have
thus
Now, returning to the iteration serie given by Eq. (51),
, and using the triangle inequality (
we may write:
where in the last inequality we replaced Eq. (61) and used the triangle inequality again.
So, this serie converges if |λ| K < 1, giving
We can also check the uniqueness of the solution. For this intent, we will see whether the homogeneous part of the integral equation has another solution than the trivial one.
A non-trivial solution indicates that any multiple of this solution is also a solution, which means that we would have a myriad of solutions of the inhomogeneous equation. Let us consider the homogeneous problem:
The Schwarz inequality
The norm φ H is explicitly written:
Note that to write the above inequality we used Eq. (63). Thus, we have that:
As |λ| K < 1, this inequality may only be satisfied if φ H = 0 or φ H ≡ 0 -only the trivial solution. Thus, the solution is unique.
In conclusion, for an integral equation
K(x, y)φ(y)dy with a kernel belonging to the Hilbert-Schmidt class, K(x, y) ∈ L 2 , the Fredholm method can be applied and the equation has a unique continuous solution given by (for a detailed development of this part, please check [8] )
where H(x, y; λ) = D(x, y; λ)/D(λ) with
It is now interesting to return to the Lippmann-Schwinger equation (36). In configuration space it is written as:
with K( r, r ) = G
where we replaced G (+) 0 ( r, r ) given by Eq. (32) (note that we inserted a λ in front of the integral). In order to investigate if the kernel is square integrable we may consider
substituting s = r − r we have
if Im(k) > 0 and d r |V ( r )| 2 < ∞ the Fredholm method can be applied.
However, consider a real k. Then, in this situation, we cannot apply the Fredholm method. This problem, which basically appears in the two-body problem, can be circumvented quite easily making the following substitutions and multiplying the
the kernel may be written as
and the Lippmann-Schwinger equation is rewritten as
Now, the new kernel,K, given by Eq. (76) is square integrable in the limit of
The general mathematical discussion made until this point is important because when we are considering a two-body problem it is possible to separate the movement of the center of mass of the system defining:
in such a way the Hamiltonian of the system may be written as
where p is the relative momentum between particles 1 and 2 (with masses m 1 and m 2 ), µ is the reduced mass and P is the center of mass momentum. If the potential is translational invariant, the motion of the center of mass is just a free motion, then, we may just disregard it and concentrate only in the relative motion. As a consequence, we can reduce the degrees of freedom of the problem to only 3 and the equation we have to solve is analogous to the Lippmann-Schwinger equation written in this subsection.
Thus, the solution is well behaved and unique. However, for a three-body problem we will see that this is not true and we will need to sophisticate a bit the theory. We will do this in the next subsection.
The Faddeev equations
What we showed in the last subsection is only an overview of the mathematics involved in the Lippmann-Schwinger equation. It is really far from the rigorous proof demanded by a mathematician. In this section, we show a problem involving the kernel of the Lippmann-Schwinger equation associated to the existence of more than one channel, which occurs when treating a three-body problem. Consider, for instance, a protondeuteron scattering producing three free particles (two protons and a neutron). In this case, we might have infinite decay channels, for example: the proton produces an excited deuteron, which decays further and the proton emerges in the direction of the other proton interacting again. This is only one example and it is not difficult to imagine many others.
As showed in the simple case of a two-body problem, it is possible to separate the movement of the center of mass reducing the degrees of freedom. This also happens for a three-body problem. Then, by using the Jacobi coordinates we can write the three-body
Hamiltonian as
with α ≡ 1, 2, 3. Here v 1 is the interaction between particles 2 and 3, p 1 is the relative momentum of particles 2 and 3 and q 1 the momentum of particle 1 with respect to the center of mass of particles 2 and 3. We are using the odd-man-out notation where the index indicates the particle that is not being considered. The reduced masses are given
Eq. (81) allows us to define now a two-body Hamiltonian, h, a two-body resolvent, g, and a two-body T operator, t, associated to the two-body channels, as
The full hamiltonian can be written as
However, the existence of multiple channels brings another problem. Consider the full Green function (G(z) ≡ (z − H) −1 ) written as the following identity
where the second line is obtained multiplying conveniently the first line by G(z) and g α (z). Then, the Lippmann-Schwinger equation for scattering can be obtained replacing the above equation into Eq. (24):
in such way that
The above scattering equation, where may exists more than one channel, is not uniquely determined as the homogeneous part presents a different solution of the trivial one as follows. Consider another state |Φ β which is not an eigenvalue of h α . If we replace Φ α by Φ β in Eq. (88), we have in this case that lim →0 + ±i g α (E ± i )|Φ β = 0 and consequently:
then the homogeneous part has non-trivial solutions (any multiple of this equation is also a solution). As a conclusion, this part inserted in the inhomogeneous equation returns infinite solutions.
The problem of non-uniqueness of Lippmann-Schwinger equations when considering three or more particles was solved in 1960 by L. D. Faddeev [11] . The idea of Faddeev is the following (we are not intending to go deep in the mathematical aspects). Let us start separating the potential in three terms, v k , representing the pairwise interactions between particles ij (i, j, k = 1, 2, 3) and defining the operators T i as:
in such a way that the full transition operator is given by
We can write this equation in a matrix form as
Eq. (92) still presents a non-compact kernel ( ∈ L 2 ), which cannot be solved by any iteration. You can iterate as many times as you want that you will always have terms where one particle do not interact with the others resulting in the appearance of delta functions (see [10] for a discussion about disconnected diagrams). However, a simple manipulation of Eq. (91) seems to deal positively with the singularity of the kernel.
Separating the terms of the full T on the right hand side of Eq. (91), we can write it as:
is a two-body operator. Clearly, the same procedure can be made for the other components. Thus, Eq. (92) can now be written as
for the three-body T -operator. Note that the kernels of these equations still present delta
and, consequently, the kernel is not square integrable. But, differently from Eq. (92), it is possible to disappear with the delta functions after a first iteration as follows:
Note that now all the terms in the kernel are of this form t i G 0 t j with i = j in such a way the three particles are always linked together and the delta function is no longer present (all diagrams are now connected [10] ). As a consequence, the kernel belongs to the Hilbert-Schmidt class and the Fredholm method can be applied and the Faddeev equation has a unique solution.
Bound and scattering states
In this section we start to apply the scattering theory showed "en passant" in the last section. As anticipated in the title of these lectures, everything here will be calculated in momentum space. We also have to call the attention that we will focus only in universal situations, i.e., the range of the potential is much smaller than the typical sizes of the system in a manner that the observables do not depend on the form of the short-range potential.
Two-body T -operator for a separable potential
A potential is called separable if
We can write generically a separable potential in the form of a projection operator as
with p |χ = g(p) and χ| p = g * ( p).
Let us start replacing the separable potential, written in the form of Eq. (100), in the T -operator equation
multiplying by χ|G 0 (E) from the left side and isolating χ|G 0 (E)t(E) we have:
Replacing Eq. (103) in (101) we get the two-body T -operator:
Then, we can write it as:
Note here that a separable potential results in a separable T -operator. The function τ is given by:
Writing explicitly the matrix element of Eq. (105), we have that:
where M is the reduced mass of the two-body system.
Since now, we just assumed that the two-body potential is separable. We didn't give any other information about it. However, from this point we will restrict it a little more.
We will focus here only on the universal characteristics of the system. The universal characteristics appear in systems that present an important property called universality.
In these systems the calculated observables do not depend on the details of the shortrange potential. This peculiar situation occurs when the size of the system, represented by a typical scale (the two-body scattering length, for example), is much larger than the range of the potential. This situation can be achieved by construction using a Dirac-delta potential. As this potential has a range equal zero, any size of the system is infinitely larger than the range of the potential, then any quantity calculated is universal by definition. For a zero-range potential V ( r) = λδ( r) the form factor g( p) = p |χ = 1.
Exercise 5:
Starting from the definition of a local potential,
show that the form factor for a Dirac-delta potential is equal to 1. Show also that this potential is separable.
The consequence of replacing g( p) = 1 is that the integral in
diverges for large momenta. In order to transform Eq. (108) into a finite value we need that λ −1 should also be infinite. Calculating τ −1 (−|E 2 |) in the two-body binding energy,
(109)
then we can replace λ −1 in Eq. (108) (note that λ −1 also diverges) obtaining:
Now the integral is finite and can be calculated using the residue theorem giving:
Note that the introduction of the physical scale E 2 not only regularizes the integral but also renormalizes it.
Exercise 6: Calculate explicitly Eq. (112). Remember that the energy can be written as E = k 2 /(2M ) and use the residue theorem. k = ±i 2M |E| where the plus sign is related to a two-body bound state and the minus to a virtual. The states of negative energy are located at the first (physical) and second (unphysical) sheets. 
Three-body T -operator for a separable potential
We saw that the regularization (and renormalization) of Eq. (108) appears naturally after calculating τ in a bound state energy and noting that such energy is a pole in the T -operator. However, the choice of the two-body energy |E 2 | as a scale is arbitrary -it could be another observable or we could just put a cuttoff for high momenta and further relate it with some observable.
The three-body T -operator may also be regularized in a similar way. Let us start defining the three-body T -operator in a given energy E = −µ
replacing the above
0 (E)T (E) we get:
where we inserted the subscript R to indicate a regularized (renormalized) T -operator.
Exercise 9: Iterate Eq. (114) and show that it can be written as
Note that truncating the series at the m + 1 element (the term that contains T (E)) the kernel subtraction appears in all intermediate terms until m − 1. 
As showed in the last exercise T (E, µ 2 ) does not depends on the subtraction point µ 2 in such a way we will write the T -operator simply as
Note that Eq. (117) has the same operatorial form as the original equation for the T -operator (this can be seen making the following replacements T R (−µ 2 ) ≡ V (−µ 2 ) and
. Let us assume an ansatz and define the threebody T -operator in the subtraction point as the sum of all pairs of the renormalized two-body T -operators (t Rα )
where α, β, γ = 1, 2, 3 (α = β = γ) and m βγ,α is the reduced mass of the pair βγ and α. Note that the argument of t R is the energy of the center of mass of the pair. From this point the two and three-body T -operators will be represented, respectively, by t and T . The counterpart of regularize/renormalize the two and three-body T -operators is the addition of two physical scales which will be generically represented by µ 2 (i) , where the subscript i = 2, 3 distinguishes between the two and three-body scales. The original T -operator is recovered in the limit µ → ∞.
Replacing Eq. (118) in (117) we have:
Defining the component 1 of the three-body T -operator as
and writing T R (E) as the sum of the components corresponding to an interacting pair (we are using the odd-man-out notation where the subscript 1 says that the pair (23) interacts, 2 (13) and 3(12)) as
we may finally write the Faddeev component 1 as a function of the other two:
Exercise 11: Verify Eq. (122).
Bound state equations
Consider the following completeness relation:
where the first and second terms containing |Φ B and |Ψ
, decomposes, respectively, a given state into bound and scattering states of initial momentum k. Inserting Eq.
(123) in the T -operator equation we have:
where the complete propagator G (+) (E) was explicitly written in terms of the bound (E B < 0) and continuous (Ē k > 0) state eigenvalues. The T -operator written in the form of Eq. (124) is called Low equation [12] . For a given bound states (E ≈ E B ) we have that the second term is dominant due to the presence of a pole. Then, we can write:
where we defined |Γ B = V |Φ B . The same applies to a Faddeev component of the T -operator:
with α = 1, 2, 3, |Γ α = v α |Φ α e Γ| = Φ α |V . Replacing Eq. (127) in (122), we have:
where E 1 is the energy of the bound pair 23. Cancelling the common terms on both sides we finally have the homogeneous equation
Remember that this approximation is as good as closer to the limit E → −|E 1 |.
Writing explicitly the two-body T -operator in the operatorial form given by Eq.
(105):
where τ (E) is the function given by Eq. (112). Multiplying Eq. (130) by p 1 , q 1 | from the left, we get:
using that
we have the homogeneous equation for a three-body bound state for the Faddeev component 1.
The function f is called spectator function [9] . Note that for the specific case of three identical bosons, the three spectator functions are exactly the same, such that:
Then, we have now to calculate the matrix elements on the right side of Eq. (133).
Exercise 12: Show that the matrix element χ| q 1 |G
0 (E)|Γ 2 is given by
where we already replaced the form factors for the Dirac-delta potential p|χ = g( p) = 1 and the masses m 1 = m 2 = m 3 = 1.
To calculate Eq. (135) you will need to use the relations between Jacobi coordinates (the relative coordinates between the constituents of the system) showed in Fig. 1 for a generic three-body system. The momenta of the particles with respect to the center of mass satisfy the relation
Denoting by m α and v α (α = 1, 2, 3) their masses and velocities, we may deduce that p 1 e q 1 are given by:
q j = k j and q k = k k are defined analogously and may be found by cyclic permutation of the indexes. Then, combining the coordinates we have that:
Using the result from Eq. (135) we may write the homogeneous equation for three identical bosons: (141) where we removed all indexes. This is the Skorniakov and Ter-Martirosian (STM) equation for the bound state and zero-range potential [13] . It is worth to remind that the three-body scale µ (3) is arbitrary. All momenta and E 3 can be rescaled with respect to µ (3) in order to have dimensionless quantities as
, y = q µ (3) and x = q µ (3) . Thus, the homogeneous equation (141) for the three-body bound state is rewritten as
Here, we might be tempted to use the solution coming from the Fredholm theory, however, we have here two problems: we don't know neither f nor 3 . Among several numerical methods that we can use to solve this problem, we will focus in only one. Generically, the structure of this integral equation reads (after integrating out the angular part)
In order to calculate this equation numerically we should discretize it. Let us call by
where K(y i , x j ; E) ≡ K ij (E), wx i ≡ w i is a given weight associated to the mesh point x i (if you are not familiar with these terms, search for Gauss-Legendre quadrature), and δ ij is a Kronecker delta. We then have a homogeneous equation with matrices M and F given by:
Now, if we want a different solution from the trivial one we have to find an E = E 3 that gives a determinant det(M (E 3 )) = 0. Once a bound state energy is determined, we can now discuss how to determine the three-body wave function.
The three-body wave function may be written as a function of the spectator function.
So, let us first consider how to determine f . As the determinant is equal to zero, one of the equations of our homogeneous system is redundant and it can be eliminated. Then, f 1 , for example (it could be another position than 1), can be set arbitrarily as f 1 ≡ 1 and the other f 's are calculated with respect to this f 1 . This is not a problem at all as the wave function will be further normalized and this arbitrariness will be washed out.
Thus, we have now that
with i = 2, . . . , N . Representing byM the remaining matrix after eliminating the first column and line of M , and by C the first column of M , M i1 (i = 2, . . . , N ), without the element M 11 , we have that
Remember that we are considering only the case where the particles are identical. For two or three different particles we will also have, respectively, two or three different spectator functions. For a general three-body system with three distinct spectator functions, the three-body wave function emerges directly from the Schroedinger equation as:
where the two-body separable potential was replaced by v α = λ α |χ α χ α | and H 0 is the free Hamiltonian. Multiplying Eq. (151) by q 1 , p 1 | from the left we may write the three-body wave function in terms of the spectator functions in the coordinates q 1 , p 1 as:
We have now the full picture to calculate the three-body binding energies and wave function.
Scattering states equation
In order to write the Lippmann-Schwinger equation in momentum space, we have to insert in Eq. (141) the inhomogeneous term coming from the solution of the free problem.
In configuration space this term is given by a plane wave e i q· r and in momentum space it can be written as (2π) 3/2 δ( q − k i ). Here, the momentum q represents the relative momentum between the free particle and the center of mass of the bound pair. The in and outcoming momenta are given, respectively, by k i and k f are related to the total energy of a free particle and a bound pair as
f /2m 23,1 . Thus, the full equation with the inhomogeneous term reads:
with E 3 > 0. Now, we have to insert in Eq. (153) the boundary condition for the elastic scattering given by:
where h( q , k i ) is the scattering amplitude. After replacing Eq. (154) in (153) we have
Note that we are not being very precise here as there is a missing factor (2π) 3/2 dividing the function h. However, this is meaningless as we could in principle redefine another function ash ≡ h/(2π) 3/2 . Now, after integrating out the angular part we will arrive in a equation very similar to Eq. (143), but with an inhomogeneous term
The numerical method we used to solve this problem is very close to the one used for bound states. The difference is that now the spectrum is continuous and the energy E enters as an input. Let us call by h ij = h(y i , x j ), g ij = g(y i , x j ) and
the values of h, g and K calculated in the mesh points y i , x i (i = 1, . . . , N ). Then, the discretization reads:
where w k is a given weight associated to the Gauss point x k and δ ik is a Kronecker delta. Now, the matrix H returns the function h which is directly associated with the differential cross section
Applications
The last part of the lectures notes will be reserved to some practical examples.
Efimov states
In 1970, Vitaly Efimov published a paper [14] where he studied the energy spectrum of a system formed by bound states of three-identical bosons, interacting by a two-body short-range potential. He observed a very curious behaviour: the number of threebody bound states increased to infinity if the two-body binding energy tends to zero.
It took more than 30 years to have an experimental evidence of this counterintuitive phenomenon in the context of ultracold atoms [16] . These bound states still present a very interesting scaling: the ratio between two consecutive bound states is given by
= e 2π/s (N = 0, 1, ...), where s = 1.006 for three identical bosons. Also, the ratio of two consecutive root-mean-square hyperradius, is exactly the square root of the energy ratios e π/s .
Here, it is important to call the attention that the quantity s depends on the mass ratio of the components of the system. For a system AAB, formed by two identical 
Universality
The use of zero-range potential raises a natural question about the consequences of changing the shape of the short-range potential. The answer to this question is quite surprising as the answer is: practically nothing will change. The independence of the observables on the type of the interaction potential is a property called universality.
The physical reason for this universality is that the weakly-bound systems are spatially extended and, for this reason, dominated by the tail of the wave function 3 . Thus, the 3 It is important to note that the potential should decrease faster than ∼ 1/r 2 . We may have very extended systems like, e.g., Rydberg atoms (excited atom with one or more electron with a very high principal quantum number) that do not enter in the definition of universality given here as, in this case, the Coulomb potential decays too slow as r → ∞ details of the potential at short distances will not affect the observables.
There is a large class of systems which we can include in the category of "universal systems". In these systems, a large part of the wave function extends through the classical forbidden region, in such a way the phenomena associated with universality are purely coming from quantum mechanics. We can find genuine universal systems in nature like halo nuclei or helium trimers [18] , but we can artificially produce them inside ultracold traps using a Feshbach resonance.
Feshbach resonance A Feshbach resonance is a mechanism which allows the tuning of the two-body scattering length. In the next lines we will show how this tuning becomes possible. We will follow the book by C. J. Pethick and H. Smith [19] . Let us consider two atoms with nuclear spins I 1 and I 2 and electronic spin s = 1/2. Then the number of hyperfine states (hs) is given by (2s + 1)(2I 1 + 1)(2s + 1)(2I 2 + 1) = 2(2I 1 + 1)(2I 2 + 1).
Each hs will be called a channel and will be associated to a given greek letter. Then, in principle, two atoms in the state |αβ may scatter to |α β . This is a multichannel problem. In the absence of interaction between both atoms and in the presence of a magnetic field B, we have:
spin ,
As the total energy should be conserved we have that
Then if k + α + β , given by the first three terms on the right-hand-side of Eq. (160). As this is an open channel, the total energy should be E ≥ E th , where E th ≡ α + β is the threshold energy. Consider that a state vector may be written as:
whereP |Ψ = |Ψ P andQ|Ψ = |Ψ Q and the projection operatorsP andQ satisfy the following propertiesP +Q = 1,PQ = 0 andQP = 0.
Multiplying the Schrödinger equation H|Ψ = E|Ψ byP andQ we have that
where H P P =P HP , H QQ =QHQ, H P Q =P HQ and H P P =QHP . The formal solution of Eq. (163) for an outgoing wave is
Replacing Eq. (164) in (162), we have
where the term inside the square brackets describe the Feshbach resonance. We will call it by
H P P shows the appearance of an effective interaction in the P subspace due to transitions from P to Q and then back to P . This is a non-local potential in the open channel. The diagonal part of the Hamiltonian, H P P , may be written as a sum of the free Hamiltonian, H 0 (which contains only the kinetic energy of the relative motion) and the other energies coming from the fine or hyperfine terms, U 1 (the interaction in P space). Calling also 
where the formal solution is
Exercise 14: Verify the second equality of Eq. (168). Note that U does not commute
does.
Writing the free Green function explicitly in Eq. (168) we can write
Calling A = E + iδ − H 0 − U 1 and B = U 2 and using the identity (A − B)
we can write the following equation:
Then, replacing Eq. (170) in (169) we can write
Exercise 15: Verify Eq. (171).
Let us now calculate the following matrix elements between plane wave states with relative momenta k and k : :
Eq. (175) is the general equation for the scattering amplitude in the P space. The term involving T 1 is the matrix in P subspace if the transitions to the Q subspace are neglected. Let us now simplify a little our calculations. Consider that the relative velocity of the incoming particles is extremely low k ≈ 0. In this situation there are no phase factors in such a way we may neglect the difference between scattering states with incoming and outgoing spherical waves. Then:
In this limit, the second matrix element on the right-hand side reads:
Using that
a, where m is the reduced mass and a the two-body scattering length, we have that:
Eq. (178) was written considering that E is close to a given energy E n ≡ E RES in such a way we can disregard the other terms of the sum. The scattering length a bg is a non-resonant scattering length that results from the background collision in the open channel P .
Considering the relative velocity approximately zero, the energy in the entrance channel is given by the energies of the hyperfine states E = α + β . All energies here depend on the magnetic field, B and let us consider that the denominator E − E RES vanishes for a given B = B 0 . Expanding this term we have:
the magnetic moment is defined as µ = − ∂ ∂B
, thus Returning to the discussion of universality, as the observables do not depend on the details of the short-range potential all results may be described only by the observables themselves. Suppose a three-dimensional system formed by three-identical bosons forming a bound state with energy E 3 , and with two-body subsystems with energies E 2 . If this system satisfy the condition of universality, any observable can be described by a universal function F as:
where O(E, E 2 , E 3 ) is any three-body observable at a given energy E with dimension of (E 3 ) η . Arbitrarily we chose as two-and three-body scales the binding energies E 2 and E 3 . The necessity to add a three-body scale is directly related to the possibility of collapse of the three-body system. Let us clarify what we understand by collapse.
Consider that the three-body system interacts only by a two-body interaction. Then, decreasing the range of the potential, but keeping the two-body energy fixed, the threebody binding energy can be made arbitrarily large, i.e., the system is unbound from below -this is the collapse. This problem was firstly studied by L. H. Thomas [20] and today it is known by Thomas collapse.
The Thomas collapse is also related to the need of inclusion of a new scale to describe the problem. An infinite large three-body binding energy is not a comfortable situation.
In order to solve this divergence we have to insert a cutoff in our theory or, equivalently, a new scale as showed in Eq. (117). This new scale was arbitrarily chosen as being E 3 in Eq. (181), but it could be another three-body observable. If the collapse of three-body scale does not exists, then any observable of the system may be described by a universal function dependent only on the two-body scale. This absence of collapse happens, for example, in a three-identical fermions interacting in s-wave: due to the Pauli principle the collapse is avoided.
Let us return to Fig. 3 where we plotted the Efimov states emerging from the twobody energy cut. According to Eq. (181), any excited three-body energy (N +1) 3 might be described by a universal function that depends uniquely on a two and a three-body scales. We can choose these scales as being the two-body energy, 2 , and the previous three-body energy,
3 . This scaling function is plotted in Fig. 4 . It is worth to mention, that practically there is no difference if we use N = 0, 1, 2... to construct the figure. The largest difference happens when considering the ground state (N = 0). The reason is that this state is smaller than the excited ones and the condition for the universality is worse satisfied. The point where the bound states disappear inside the two-body energy cut is also universal and it is given by 2 / 
Final Remarks
These lectures are primarily dedicated to the students. I tried to include the concepts which I judged to be important to start a study in momentum space techniques in FewBody Physics. Excepting the last part, which is just an overview of some works of our Brazilian group, the other sections are very detailed and I tried to be complete. More information about our papers may be found at www.ift.unesp.br/users/yamashita (ugly but useful). Suggestions are welcome. Please write your feedback to yamashita@ift.unesp.br.
